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Non-adiabatic effects can considerably modify the phonon dispersion of low-dimensional metallic systems. 
Here, these effects are studied for the case of metallic single-walled carbon nanotubes using a perturbative approach 
within a density-functional-based non-orthogonal tight-binding model. The adiabatic phonon dispersion was 
found to have logarithmic Kohn anomalies at the Brillouin zone center and at two mirror points inside the zone. 
The obtained dynamic corrections to the adiabatic phonon dispersion essentially modify and shift the Kohn 
anomalies as exemplified in the case of nanotube (8, 5). Large corrections have the longitudinal optical phonon, 
which gives rise to the so-called G– band in the Raman spectra, and the carbon hexagon breathing phonon. The 
results obtained for the G– band for all nanotubes in the diameter range from 0.8 to 3.0 nm can be used for 
assignment of the high-frequency features in the Raman spectra of nanotube samples. 
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Recently, significant progress has been achieved in the 
separation of single-walled carbon nanotubes [1–3] 
and the application of nanotubes with well-defined 
structure in nanoelectronic devices [4]. Single-walled 
carbon nanotubes (or, simply, nanotubes) have a 
honeycomb cylindrical structure consisting entirely of 
carbon atoms, which determines their unique physical 
properties. Characterization of the nanotubes usually 
relies on low-frequency Raman spectra of the radial- 
breathing band combined with theoretical predictions 
[5]. For a long time, the intense high-frequency Raman 
G band has not been used for such purposes except 
for identification of the nanotubes as metallic or 
semiconducting [6]. The recent theoretical predictions 
of the G band frequency in the adiabatic approxi- 
mation [7] and with dynamic corrections [8, 9], have 
made it possible to use the experimental data from 
this band to support the nanotube characterization 
[10]. The behavior of the G band with varying tem- 
perature [11], strain [12], and charge doping [13] 
provides additional important information about the  
nanotubes under different conditions. 
In low-defect nanotubes at low temperatures, the 
electron momentum relaxation time can be larger 
than the characteristic phonon period. Under such 
conditions, the adiabatic approximation fails and 
phonon calculations must be performed together 
with the electronic ones. The effects of non-adiabaticity 
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can be observed in metallic nanotubes, in which 
electrons (holes) can be scattered by phonons into 
empty (occupied) electronic states close to the Fermi 
energy. These processes effectively renormalize the 
phonons, a phenomenon known as the Kohn anomaly. 
In nanotubes, the renormalization is expressed in 
logarithmic softening and increased linewidth of certain 
phonon branches at low temperatures [8]. The correct 
description of this anomaly requires going beyond the 
adiabatic approximation and explicitly accounting 
for the dynamic effects. These effects were found to 
be large for the longitudinal optical phonon, which 
gives rise to the G– band in the Raman spectra of 
metallic nanotubes, as well as for the carbon hexagon 
breathing phonon, which is of major importance for 
double resonance scattering processes in nanotubes. 
The theoretical work done so far focuses on the Kohn 
anomalies of the phonon dispersion close to these 
phonons using an electron zone-folding scheme within 
an ab initio approach and a chirality-independent 
curvature correction for the G–-band frequencies [8]. 
From a practical point of view, knowledge of the 
precise diameter- and chirality-dependence of the G– 
band can be used to support the assignment of the 
Raman scattering data. As far as we are aware, there 
have been no large-scale theoretical investigations of 
the Kohn anomaly in nanotubes for the optimized  
nanotube structure. 
Here, we calculate the dynamic corrections to the 
phonon dispersion of the metallic nanotube (8,5) 
using a density-functional-based symmetry-adapted 
non-orthogonal tight-binding (NTB) model [7]. We 
also derive the G– band frequency and linewidth for all 
metallic nanotubes with diameters in the range 0.8 nm  
to 3.0 nm. 
2. Theoretical part 
A nanotube can be viewed as an infinite strip of 
graphene rolled up into a seamless cylinder [7]. The 
strip has one-dimensional periodicity with a unit cell 
of N pairs of carbon atoms and a translation period T. 
The Brillouin zone of the strip is a rectangle in the 
reciprocal space of graphene. The rolling of the strip 
into a nanotube reduces the Brillouin zone down to 
N equidistant lines in the rectangle, parallel to the 
nanotube axis—so-called cutting lines. The electronic 
states of a nanotube are indexed by the one- 
dimensional wave vector k (–0.5 ≤ k < 0.5 in units of 
2π/T) running along a given cutting line and the linear 
azimuthal quantum number l (–N/2 ≤ l < N/2) labeling 
the cutting lines. In the same way, the phonons of a 
nanotube are indexed by the one-dimensional wave 
vector q (–0.5 ≤ q < 0.5 in units of 2π/T) and the linear 
azimuthal quantum number λ (λ = 0, 1, …, N–1). The 
cutting line with l = 0 (λ = 0) passes through the Γ point  
of graphene. 
The band structure and the phonon dispersion of 
the graphene strip and, therefore, of the nanotube 
with neglect of its curvature, can be related to those 
of graphene by the zone-folding method. Graphene 
is characterized by two Dirac cones (conical valence 
and conduction bands with a common axis and a 
common apex at the Fermi energy) located at two 
non-equivalent K points of the Brillouin zone. Thus, 
there are states in the valence and conduction bands, 
between which an electron (hole) can be scattered by 
a phonon. These scattering processes are enhanced 
for phonons of the longitudinal optical (LO) and 
transverse optical (TO) branches close to the Γ point 
(or LO(Γ) and TO(Γ) branches), and the transverse 
optical branch close to the K point (or TO(K) branch). 
Accounting for these processes in the adiabatic 
approximation yields Kohn anomalies as finite slopes 
of the LO(Γ) and TO(K) branches at the Γ and K points, 
respectively [7, 14]. The phonons of these branches at 
the two points have symmetry E2g and ′1A , and are 
often referred to as the G mode and the ′1A  mode, 
respectively. The non-adiabatic LO(Γ) and TO(K) 
branches are flat around the Γ and K points, and the 
TO(Γ) branch has a dip close to the Γ point [15], while 
the G and ′1A  modes are not affected by the dynamic  
corrections [15–17]. 
On average, for one third of the nanotubes there 
are two cutting lines through the two non-equivalent 
K points and, therefore, such nanotubes are zero-gap 
semiconductors (or metallic, M). The remaining two- 
thirds of the nanotubes are semiconducting (S). Simi- 
larly to graphene, the presence of states in the valence 
and conduction bands around the K points with energy 
separation of the order of the phonon energy favors 
scattering of electrons (holes) by phonons between 
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such states. These processes take place with conser- 
vation of energy, wave vector, and azimuthal quantum 
number in the extended Brillouin zone [18]. In 
particular, electrons with wave vectors close to the 
wave vectors ±k* of the K points can be scattered by 
phonons with wave vectors close to 0 and ±q* = ±2k*. 
If we denote the azimuthal quantum number of the 
electrons by ±l*, the azimuthal quantum number of 
the scattering phonon can be 0 and ±λ* = ±2l*. It can 
be demonstrated geometrically that the cutting lines 
with ±λ* pass through K points at wave vectors ±q*. 
Therefore, we can refer to the phonons with q = 0 and 
λ = 0 as Γ phonons, and to those with ±q* and ±λ* as K 
phonons. The scattering processes are enhanced for 
phonons belonging to the LO and TO branches for 
cutting lines through the Γ and K points. Later on, 
these branches and phonons will be referred to using 
the notation introduced above for graphene, i.e., LO(Γ), 
TO(Γ), and TO(K) branches, and G and ′1A  modes. 
The nanotube curvature removes the degeneracy of the 
G band, splitting it into lower- and higher-frequency 
components usually denoted by G– and G+, respectively. 
The adiabatic LO(Γ) and TO(K) branches have Kohn 
anomalies in the form of logarithmic singularities at 
the Γ and K points [7, 8]. The non-adiabatic LO(Γ) 
and TO(K) branches were found to have zero slopes 
at the Γ and K points and singularities close to these  
points [8]. 
The phonon renormalization can be estimated by 
calculating the adiabatic phonon dispersion and then 
determining the dynamic corrections to it in lowest- 
order perturbation theory. The adiabatic phonon 
dispersion of a nanotube can be derived from the 
expansion of the deformation energy of the nanotube 
due to a static perturbation (a “frozen” phonon) up 
to second order in the atomic displacements [7]. This 
expansion contains the adiabatic electronic response 
to the atomic motion through the phonon self-energy 
with neglected frequency dependence. The phonon 
self-energy is given by the sum over the Brillouin zone 
of the ratio of the squared electron–phonon interaction 
matrix elements in the numerator and the difference 
of valence (v) and conduction (c) band energies,  
+ −k qc kvE E , in the denominator. 
The non-adiabatic phonon frequency, ω, and the 
phonon linewidth due electron–phonon interactions, 
ΔΓ, can be derived from the adiabatic dynamical 
matrix in lowest-order perturbation theory using the  
expression [14, 19] 
( )ω ++ =2 0Δi Γ D 0e e             (1) 
Here, D is the dynamical matrix with ±ħω0 ± iδ added 
to the denominator of the phonon self-energy, where 
ω0  is the adiabatic phonon frequency and δ is a 
small positive number; 0e  is the adiabatic phonon  
eigenvector. 
3. Results and discussion 
The adiabatic phonon dispersion of the nanotubes was 
derived within the NTB model [7]. The calculations 
were performed for the optimized nanotube structure 
and, therefore, the results include both confinement 
and curvature effects. The obtained phonon dispersion 
corresponds well to the available experimental data 
except for overestimation of the high-frequency phonon 
branches by 11%, but the agreement with experiment 
is improved if the dispersion is downscaled by a factor 
of 0.9. For this reason, all presented frequencies are 
downscaled by this factor. The temperature depen- 
dence of the dispersion was introduced by smearing 
the electron occupation by use of the Fermi–Dirac  
distribution function for temperature of 300 K.  
The calculated adiabatic phonon dispersion of the 
narrow metallic nanotube (8, 5) with diameter of about 
0.9 nm (Fig. 1) has Kohn anomalies in the form of 
smeared logarithmic softening of the LO(Γ) and TO(K) 
branches at the Brillouin zone center and at wave 
vector q* ≈ 0.21. It is easy to prove that the zero- 
temperature anomalies are logarithmic by direct inte- 
gration over k in Eq. (A1) (see the Appendix) with 
removed frequency dependence. Previously, dynamic 
corrections have been found to modify significantly 
the LO(Γ), TO(Γ), and TO(K) branches [8]. The modified 
Kohn anomalies of these branches can be described 
approximately at zero temperature by the anomalous  












            (2) 
for the TO(Γ) branch and 
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ω ω− += =1 F 0 F 0~ ln ( )( )D v q v q          (3) 
for the LO(Γ) and TO(K) branches with q = 0 and q*, 
respectively. It is clear from Eqs. (2) and (3) that the 
phonon frequencies have anomalous behavior around 
±q** and the four points ±q* ±q**, where q** ω= = 0 F/ v . 
For nanotube (8, 5), q** ≈ 0.11 at the Γ point and q** ≈  
0.08 at the K point. 
The Kohn anomalies, predicted by the simple 
expressions above, can be observed in the calculated 
non-adiabatic branches. The dynamic corrections to 
the TO(Γ) branch are small for the G+ mode but are 
responsible for the singularity at q** (Fig. 2). The saw- 
like structure at this wave vector originates from the 
slightly different Fermi velocities and electron–phonon 
interaction matrix elements for the two bands, crossing 
at the Fermi energy. The dynamic corrections to the 
LO(Γ) and TO(K) branches are large for the G– mode 
(Fig. 2) and ′1A  mode (Fig. 3) but also yield singu- 
larities at q**. The anomalies in the three branches 
disappear away from q**, where the non-adiabatic  
branches coincide with the adiabatic ones. 
The dynamic corrections to the linewidth of the 
LO(Γ), TO(Γ), and TO(K) branches can easily be derived  
 
Figure 1 Phonon dispersion of nanotube (8, 5). The phonon 
branches for cutting lines through the Γ and K points of the 
Brillouin zone of graphene are drawn by solid and dashed lines, 
respectively. The branches for all other cutting lines are omitted. 
The phonon dispersion has Kohn anomalies at the Γ point (q = 0) 
and K point (q = q *). The position of the K point is marked with 
a dotted line 
at zero temperature (see the Appendix) 
Γ δ ω ωΔ − += =0 F 0~ [( )( )]Fv q v q          (4) 
for the TO(Γ) branch and 
Γ ω ωΔ − + += =F 0 F 0~ [( )( )]H v q v q         (5) 
for the LO(Γ) and TO(K) branches with q = 0 and q*, 
respectively. Thus, the linewidth for the TO(Γ) branch 
is a Dirac δ-function, centered at ±q** and those for the 
LO(Γ) and TO(K) branches are rectangular functions 
of width 2q**, centered at q = 0 and ±q*, respectively. 
Finite temperature smears the linewidth of both 
functions (Figs. 2 and 3). The linewidth for the TO(Γ) 
branch has the shape of a broadened Dirac δ-function 
(Fig. 2) with two spikes, which are due to the differ- 
ences between the two bands, crossing at the Fermi  
 
Figure 2 LO(Γ) and TO(Γ) branch frequency (left) and linewidth 
ΔΓ (right) of nanotube (8, 5) in the vicinity of the Γ point (q = 0) 
 
Figure 3 TO(K) branch frequency (left) and linewidth ΔΓ (right) 
of nanotube (8,5) in the vicinity of the K point (q = q*) 
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energy, as mentioned above. The linewidths for the 
LO(Γ) and TO(K) branches are smeared rectangular 
functions (Figs. 2 and 3). The similarity of the behavior 
of the dynamic corrections to the latter two branches 
can be explained by allowed backscattering of electrons, 
while the behavior of the TO(Γ) branch stems from 
allowed forward scattering of electrons. The ratio of 
the linewidths of the G– and ′1A  modes, derived from  















where ΓLOM  = 12.8 eV·Å–1 and 
K
TOM  = 18.0 eV·Å–1 [18]. 
This ratio is in good agreement with the calculated one  
of 1.28. 
The obtained G– and G+ mode frequencies for all 
metallic nanotubes with diameters d between 0.8 nm 
and 3.0 nm are shown in Fig. 4 in comparison with 
the data for all semiconducting nanotubes in the same 
range [7]. The frequencies can be grouped in two 
strips, which correspond to the observed Raman bands 
of nanotube samples: the G+ band at about 1590 cm–1  
and the G– band in the range 1540–1570 cm–1 ([6]). 
 
Figure 4 G– and G+ mode frequencies for all metallic (M) and 
semiconducting (S) nanotubes with diameters d from 0.8 nm to 
3.0 nm. The solid lines are DFT predictions [8]. The dashed lines 
are fits to Raman data [6]. The open symbols are Raman data for 
individual nanotubes. The inset shows the linewidth of the G– and 
G+ modes for M nanotubes 
Initially, it was generally accepted that the G– band 
is due to TO modes, while the G+ band was ascribed to 
LO modes, because the softening of the former could 
come from the mixed sp2–sp3 hybridization around 
the nanotube circumference. Theoretical analysis of 
the separate effects of electron–phonon coupling, con- 
finement, curvature, and dynamic effects, lead to a 
different conclusion, however [8]. In the simple zone- 
folding scheme, which describes the effects of 
confinement, the account of the electron–phonon 
coupling in the adiabatic approximation yields the 
LO–TO splitting of the G band. The TO modes remain 
diameter-independent but the LO modes for M and S 
nanotubes shift downwards and upwards, respectively 
[7, 8]. In M nanotubes, the curvature and dynamic 
effects result in almost canceling contributions for the 
TO mode but bend up the LO mode. In S nanotubes, 
the curvature effects bend down the LO modes and, 
more significantly, the TO modes. The behavior of the 
modes with all effects included is confirmed by our 
results. Namely, the G+ band originates from G+(M) 
and G+(S) modes with transverse and longitudinal 
polarization, respectively, while the G– band is due  
to G–(M) and G–(S) modes with longitudinal and 
transverse polarization, respectively. For diameters of 
about 2 nm, a crossing of the two G– strips is observed, 
which is in agreement with available ab initio results 
(see Fig. 19 in Ref. [8]). For smaller diameters, the four 
strips have the following order of increasing frequency: 
G–(M) < G–(S) < G+(S) < G+(M), in agreement with pre- 
vious predictions [8, 9]. The dependence of the G– 
frequency (in cm–1) on the diameter d (in nm) can be  
fitted by the chirality- independent expression [6] 
ω ω∞= − 2Ad                  (6) 
Here, ω∞  = 1582 cm–1 and A = 44.76 nm2·cm–1 for M 
nanotubes, and ω∞ = 1579 cm–1 and A = 23.44 nm2·cm–1 
for S nanotubes. The G+(M) and G+(S) mode frequencies 
are almost diameter-independent with values of about 
1591 cm–1 and 1584 cm–1, respectively. Comparison of 
our results with recent discrete Fourier transform (DFT) 
data [8] shows excellent agreement except for the  
G+(M), where we do not observe significant diameter- 
dependence. The disagreement can be attributed to 
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the use of an approximate scheme for correction of the 
zone-folding DFT data. The fit to extensive experimental 
data on isolated nanotubes on a substrate yielded 
ω∞  = 1591 cm–1 and A = 47.7 nm2·cm–1 for S nanotubes, 
and A = 79.5 nm2·cm–1 for M nanotubes [6]. The latter 
fits give lower values for narrow nanotubes and higher 
values for wide nanotubes compared to the NTB and 
DFT predictions. The experimental data for the G+ 
bands in Ref. [6] were fitted by a horizontal line at 
1591 cm–1, while the NTB and DFT results show sof-  
tening of these bands for narrow nanotubes. 
Raman data for isolated, well-identified nanotubes, 
are still quite rare. Combined electron diffraction and 
Raman scattering methods allowed the identification 
of freestanding S nanotubes on a metallic grid with 
indices, diameters, G– and G+ bands, as follows: (12, 8), 
1.38 nm, 1563 cm–1, 1590 cm–1 [10]; (11,10), 1.42 nm, 
1566 cm–1, 1593 cm–1, (17,9), 1.79 nm, 1572 cm–1, 
1591 cm–1, and (27,4), 2.29 nm, 1577.5 cm–1, 1593 cm–1 
[20]. Recently, similar measurements have been per- 
formed on M nanotubes: (10,10), 1.36 nm, (the G– mode 
is not Raman active), 1598 cm–1, (15, 6), 1.46 nm, 
1566 cm–1, 1590 cm–1, and (19, 16), 1.62 nm, 1575 cm–1, 
1591 cm–1 [10]. In Raman and Rayleigh scattering 
experiments on nanotubes grown across a wide slit 
[21] the G– band of the metallic nanotube (12, 3) with 
d = 1.08 nm was observed at 1540 cm–1. Our calcu- 
lations correspond well to these experimental data for 
the G–(M), G–(S), and G+(M) bands, while both NTB 
and DFT results systematically underestimate the 
G+(S) band by several cm–1. We note that this deviation 
cannot be explained by temperature and strain, which 
would shift the experimental values downward. In 
order to resolve this disagreement, more theoretical 
work has to be done, and also more experimental data  
on well-identified nanotubes need to be collected. 
The inset of Fig. 4 shows that the linewidth of the 
G–(M) modes decreases monotonically with increa- 
sing diameter following roughly a c/d law with c = 
53 nm·cm–1. The analytical formula, Eq. (A7) (see the 
Appendix), with the large-diameter values ω0 = 1590 
cm–1 and M = 12.8 eV·Å–1 (reduced by a factor of 0.9 
[15]) yields c = 59 nm·cm–1. The deviation of the latter 
from the former may be due to the approximations in 
the analytical formula and temperature effects on the 
computed linewidth. In the small-diameter region, ΔΓ 
has chirality dependence. The use of DFT data [22] in 
the same equation yields larger value c = 79 nm·cm–1 
because of the larger value of the matrix element M = 
13.5 eV·Å–1. The measured linewidths show a wide 
spread, and verification of the true value of c is not  
unambiguous. 
4. Conclusions 
We have performed NTB calculations of the phonon 
dispersion of the metallic nanotube (8, 5) and, in par- 
ticular, studied the non-adiabatic modification of the 
Kohn anomalies in the vicinity of the Γ and K points 
of the Brillouin zone. We reproduced the ab initio 
results for the LO and TO phonons close to the Γ 
point and for the TO phonons close to the K point. We 
derived G– and G+ mode frequencies for all metallic 
nanotubes with diameters between 0.8 and 3.0 nm. 
The results for the G bands can be used for assignment 
of the high-frequency lines of the Raman spectra of  
nanotube samples. 
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Appendix 
The dynamical matrix D of a nanotube consists of terms 
with second-order variations of the matrix elements 
of the Hamiltonian and the overlap matrix elements of 
the NTB model and terms with first-order variations 
of these matrix elements [7]. The latter contain the 
response of the electrons to the atomic motion and 
give rise to Kohn anomalies. The corresponding terms 
in 0 D
+
0e e  can be written for zero temperature, up to the 
factor αT/2πNm, (α = 2 for LO(Γ) and TO(Γ) phonons, 
and α = 1 for TO(K) phonons; m is the carbon atom  











       (A1) 
where the sum consists of two terms with signs “+” 
and “–” in the denominator. The scalar quantity M is 
the product of the electron–phonon matrix element 
and the phonon eigenvector 0e , and generally depends 
on the conduction and valence bands, as well as on 
the electron and phonon wave vectors. D  has singular 
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behavior for a vanishing denominator, i.e., for + −k qcE  
ω= 0~ ,kvE in which case it will determine the behavior 
of the dynamical matrix in the vicinity of the Kohn 
anomalies. Close to the Fermi energy, M is almost 
independent of the wave vector and can be assumed 
to be a constant, which is different for forward scat- 
tering (FS) and backscattering (BS) processes. For 
LO(Γ) phonons, Γ= LOM M  for BS and is zero for FS 
processes; for TO(Γ) phonons, Γ= TOM M  for FS and is 
zero for BS processes; for TO(K) phonons, = KTOM M  for 
BS and is zero for FS processes. Under these assump- 
tions, the integration in Eq. (A1) can be performed  
explicitly. 
In the vicinity of the Fermi energy, the conduction 
and valence bands are linear and can be approxi- 
mated as = ± FkcE v k  and = ± FkvE v k  relative to the 
Fermi energy, where k is the electron wave vector 
relative to the K point and Fv  is the Fermi velocity, 
which is assumed to have the same absolute value for 
both conduction and valence bands. Then, Eq. (A1) 
can be split into the sum of three integrals over the 
regions [ −k , −q], [−q, 0], and [0, k ], where k  is a large  
cutoff wave vector, ω± =F 0| | | |k v q . 
The behavior of the non-adiabatic phonon frequency 
ω is determined by the real part 1D  of Eq. (A1). For  
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It can be easily shown that integration yields the  
following expression 
( ) ( )( )
( )
ω ωΓ − += = =
2





M v q v q
D
v v k
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        (A5) 
The non-adiabatic TO(K) phonon frequency is derived 
in the same way as for the LO(Γ) phonons and the result  
is similar. 
The non-adiabatic contribution to the phonon 
linewidth is determined by the imaginary part 2D  of  
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     (A6) 
In the limit δ → 0, 2D  tends to ωπ − + =F 0( )H v q , 
where H(x) is the Heaviside step function. The result 
for both positive and negative q is ωπ − + =F 0[( )H v q  
ω+ =F 0( )]v q . The limiting expression of 2D  for the 
TO(K) branch is the same as for the LO(Γ) one but 
with q relative to the K point. Including the omitted 
factor in Eq. (A1), we obtain the full width at half  
maximum of the G– and ′1A  modes as [20] 





             (A7) 
where N = Tπd/A (A is the unit cell area of graphene). 
In the case of TO(K) phonons, we obtain a similar 















       (A8) 
In the limit δ → 0, 2D  tends, up to a power-law factor, 
to the Dirac delta function δ ω− =F 0( )v q . The result for  
both positive and negative q is δ ω ω− += =F 0 F 0[( )( )]v q v q . 
